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Abstract 



We extend the classical characterization of a finite-dimensional Lie algebra g in terms 
of its Maurer-Cartan algebra — the familiar differential graded algebra of alternating forms 
on g with values in the ground field, endowed with the standard Lie algebra cohomology 
operator — to sh Lie-Rinehart algebras. To this end, we first develop a characterization 
of sh Lie-Rinehart algebras in terms of differential graded cocommutative coalgebras and 
^sO \ Lie algebra twisting cochains that extends the nowadays standard characterization of an 

ordinary sh Lie algebra (equivalently: Linfty algebra) in terms of its associated general- 
£f) [ ized Cartan-Chevalley-Eilenberg coalgebra. Our approach avoids any higher brackets but 

reproduces these brackets in a conceptual manner. The new technical tool we develop 
is a notion of filtered multi derivation chain algebra, somewhat more general than the 
standard notion of a multicomplex endowed with a compatible algebra structure. The 
crucial observation, just as for ordinary Lie-Rinehart algebras, is this: For a general sh 
Lie-Rinehart algebra, the generalized Cartan-Chevalley-Eilenberg operator on the cor- 
responding graded algebra involves two operators, one coming from the sh Lie algebra 
structure and the other from the generalized action on the corresponding algebra; the 
sum of the operators is defined on the algebra while the operators are individually defined 
only on a larger ambient algebra. We illustrate the structure with quasi Lie-Rinehart 
algebras. 
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1 Introduction 

A finite-dimensional Lie algebra g can be characterized in terms of its Maurer-Cartan alge- 
bra, that is, the algebra of alternating forms on q with the C(artan-)C(hevalley-)E(ilenberg) 
differential. The same is true of a Lie-Rinehart algebra (A, L) when L is finitely generated 
and projective as an A-module. A Lie-Rinehart algebra (A, L) is a pair that consists of a 
commutative algebra A and a Lie algebra L together with an ^4-module structure on L and 
an L-action on A by derivations such that two obvious axioms are satisfied; these axioms are 
modeled on the standard example (A,L) = (C°°(M), Vect(M)) that consists of the smooth 
functions C°°{M) and smooth vector fields Vect(M) on a smooth manifold M. Given a 
Lie-Rinehart algebra (A,L), the CCE operator on the CCE algebra Alt(L, ^4) involves two 
derivations (?['>'] and <9*, the first coming from the Lie bracket and the second from the in- 
action on A, and the sum d = a 1 ''' 1 +d\ at first defined on Alt(L, A), passes to a derivation 
on the A- valued A- multilinear forms Alt^(.L, ^4) and turns this algebra into differential graded 
-R-algebra, even though the individual derivations ' • ' 1 and d t do not necessarily descend, and 
we refer to the resulting differential graded i?-algebra (Alt a(L, A), d) as the Maurer-Cartan 
algebra associated to the data. When L is finitely generated and projective as an ^4-module, 
this Maurer-Cartan algebra characterizes the Lie-Rinehart algebra. In the situation of the 
standard example (A, L) = (C°°(M), Vect(M)), the Maurer-Cartan algebra is the de Rham 
algebra of the underlying smooth manifold. 

In this paper we generalize the Maurer-Cartan characterization to sh Lie-Rinehart al- 
gebras. The idea of an sh Lie algebra or, equivalently, algebra, has a history [Huell] . 
|HuelO| ; we only mention that the ^loo-algebra concept, prior to the Loo-algebra concept, was 
introduced by J. Stasheff in the 1960-s, cf. |Huell| . [HuelOj . Sh Lie-Rinehart algebras were 
introduced in |Kje01| (part of a thesis supervised by J. Stasheff). In [Hue05] we introduced 
quasi Lie-Rinehart algebras as a higher homotopies generalization of ordinary Lie-Rinehart 
algebras. Quasi Lie-Rinehart algebras actually arise in mathematical nature in the theory 
of foliations [Hue05]. In this paper we develop a Maurer-Cartan type characterization of 
sh Lie-Rinehart algebras. This recovers quasi Lie-Rinehart algebras as a special case of sh 
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Lie-Rinehart algebras. The new technical tool we introduce for that purpose is a notion of 
multi derivation chain algebra, more flexible than the traditional concept of a multicomplex 
endowed with a compatible algebra structure (as we hope to demonstrate in this paper) and 
also somewhat more general, cf. Remarks 14.11 and 14 , 61 b elow . In Theorems 14.71 and 14.1 1 1 below, 
we show how sh Lie-Rinehart algebras can be characterized in terms of the newly developed 
notion of multi derivation chain algebra. Suffice it to mention here that a multi derivation 
chain algebra is a graded commutative algebra A together with a filtration A 5 A 1 . . . and 
a family of degree —1 derivations {T^j}j>o such that Vj lowers filtration by j and such that 
Sj>o 1S a differential. See Section [J] for details. The crucial observation now is this: An 
sh Lie-Rinehart algebra (A,L) leads to a multi derivation chain algebra (A, T>q,T>i,T>2, ■ ■ •) 
of graded symmetric A-multilinear forms but, beware, the differential Sj>o 1S om y linear 

over the ground ring, such that, for j > 1, each operator Dj has the form T>j = dj +d tj and 

such that, just as in the case of ordinary Lie-Rinehart algebras, while dj ' ' and d tj are not 
individually defined on A (only on a larger ambient graded algebra), their sum T>j is defined 
on A. Under a suitable additional assumption (A-reflexivity of L), these multi derivation 
chain algebra structures then characterize sh Lie-Rinehart algebra structures on (A,L). A 
salient feature is that an sh Lie structure of L lives on the cofree differential graded cocom- 
mutative coalgebra S c [sL] on sL over the ground ring whereas the Maurer-Cartan algebra 
characterization of an sh Lie-Rinehart structure is phrased in terms of an algebra of graded 
symmetric ^-multilinear forms on sL, viewed as a graded j4-module. 

To make the results more easily accessible, in Section [2] we explain first the special case 
of ordinary Lie-Rinehart algebras in a language tailored to the general situation. In Section 
3 we spell out some technical tools that are indispensable thereafter. Here we borrow from 
the theory of homological perturbations, cf. e.g., [Hue lO] and [Huell| . We spell out the main 
results related with sh Lie-Rinehart algebras in Section 5. Theorem 15.151 says that, given 
the relevant data, under the hypothesis spelled out there, these data constitute an sh Lie- 
Rinehart algebra if and only if they induce a multi derivation chain algebra structure on the 
corresponding object. Theorem 15.161 says that, under the stronger hypothesis of this theorem, 
every multi derivation chain algebra structure on of the kind under discussion arises from a 
unique sh Lie-Rinehart algebra structure. See also Remark 15.171 below. 

On the technical side we note here that we avoid any "bracket yoga" . In Loo-technology, it 
is nowadays common to use a bracket zoo which necessarily comes with complications related 
with signs etc. Our approach in terms of differential graded cocommutative coalgebras and 
Lie algebra twisting cochains avoids spelling out explicitly any of the corresponding brackets 
and takes care of any of the complications by itself, once the Eilenberg-Koszul sign convention 
has been implemented. 

The terminology 'Maurer-Cartan algebra' goes back at least to [VE89 ; among many other 
things, van Est noticed that the idea of a Maurer-Cartan algebra was used by E. Cartan 
already in 1936 to characterize the structure of Lie groups and Lie algebras. 

A construction aimed at characterizing sh Lie-Rinehart algebras in terms of Maurer- 
Cartan algebras has been developed in |Vitl2j . The approach in that paper tames the corre- 
sponding bracket zoo. In [Hue04a| and [Hue05] we used the terminology "multialgebra" for 
what we now refer to as a multi derivation chain algebra. We hope this avoids confusion with 
a well established notion of multialgebra in the literature that has a meaning very different 
from that of multi derivation chain algebra, cf. e.g., [Gra62j. 

We are much indebted to J. Stasheff, for many discussions on the topic, for having enthu- 



3 



siastically insisted that the relationship between the various notions discussed in this paper 
be conclusively clarified, and for a number of valuable comments on a draft of the manuscript. 

2 Ordinary Lie-Rinehart algebras 

For ease of exposition, we explain first the case of ordinary Lie-Rinehart algebras, in language 
and notation tailored to our purposes. We hope this will provide a road map for the reader 
so that he can more easily digest the material in later sections. 

Under suitable circumstances, a Lie-Rinehart algebra can be characterized in terms of its 
Maurer-Cartan algebra. We will give a precise statement as Theorem 12.71 below. To prepare 
for it, let R be a commutative ring with 1; henceforth the unadorned tensor product refers to 
the tensor product over R. Let A be a commutative i?-algebra; then the commutator bracket 
turns the A-module Der(^4|i?) of derivations of A into an R-Lie algebra (beware: this is no 
longer true when A is non-commutative). Further, let L be an A- module, [■ , •] : L x L — > L 
a skew-symmetric pairing, and 

•&:L — >Ber(A\R) (2.1) 

an i?-linear map. Given a £ L and a € A we write a(a) = (i?(a))(a). The pair (A,L) is said 
to constitute a Lie-Rinehart algebra when the pieces of structure satisfy two obvious axioms 
modeled on the pair (A,L) = (A,Dev(A\R)), cf. [Huc90]. These axioms read 

(oa)(6) = o(a(6)), a € L, a,b € A, (2.2) 
[a, a/3] = a [a, j3] + a(a) /3, a, (3 £ L, a € A. (2-3) 

Given only the pieces of structure A,L,[-, •], (|2.ip . consider the i?-algebra Alt(L, A) of 
A- valued R- multilinear alternating forms on L, and define two i?-linear derivations d l and 
on Alt(-L, A) by the familiar expressions 

n 

(_l)"-i(37)( ai , . . . , a n ) = ^(-l)^ 1 ) a;(/(a l5 ... a, ... , a n )) (2.4) 

i=l 

(_ 1 )»-i(5l-.-]/)(a 1 ,...,a ft )= Y, a u ... a] . . .cT k . . . ,a n ). (2.5) 

l<j<k<n 

The sign (— l) n_1 = (—1)^' is, perhaps, not entirely classical. According to the Eilenberg- 
Koszul convention, it is the correct sign, cf. (|3.ip and (|4.4p below. We will justify the notation 
d f shortly; suffice it to note for the moment that, when [ • , • ] is a Lie bracket and (|2.1[) an 
L-action on A by derivations, the operator d t arises from a Lie algebra twisting cochain t that 
recovers the L-action on A. Let 

d = d t + d [ '- ] . (2.6) 
The reader will notice right away the following. 

Proposition 2.1. When [•, •] is a Lie bracket and (|2.ip a morphism of R-Lie algebras, the 
derivation d is a differential, in fact, the classical C(artan-)C(hevalley-)E(ilenberg) operator, 
and the differential graded algebra (Alt(X, A),d) computes the CCE cohomology of L with 
coefficients in A. 

Using terminology that goes back at least to [VE89J, we refer to a differential graded 
algebra of the kind (Alt(L, A), d) as a Maurer-Cartan algebra. 

Concerning Lie-Rinehart algebras, a crucial observation is now the following. 
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Proposition 2.2. When (A,L) is a Lie-Rinehart algebra, the derivation d descends to an 
R-linear differential on Altyi(L, A), even though this is not true of the individual operators d 
and c?['''l unless A = R and d l is trivial. 

This observation has a long history; see e.g., [Hue04b| for a survey. Under such circum- 
stances, we refer to the differential graded i?-algebra (AHa(L, A), d) as the Maurer-Cartan 
algebra associated to the Lie-Rinehart algebra and to d as its CCE operator. 

We spell out the proof since it clearly shows how the Lie-Rinehart axioms imply that 
the derivation d descends to an .R-linear differential on Alt a(L, A), even though this is not 
necessarily true of the individual operators <9* and d^' r \ 

Proof of Proposition 12.21 We explain the crucial observation; this will help the reader under- 
stand the general case in Theorem 15.111 below: Let u £ A and p € Alt^(L, A) = Hom^L, A). 
Our aim is to show that du is A-linear and that dip is A-bilinear. Given a, ft £ L and a G A, 
exploiting the A- linearity of (p and the two Lie-Rinehart axioms (|2.2p and (|2.3p . we find 

du(aa) = d t u(aa) 

= (aa)(u) = a((a)(u)) = adu 
d<p{a, a/3) = d t p(a, a/3) + d^' , ''tp(a, a/3) 
d t p(a,af3) = ad t p(a,ft) + a(a)(p({3) 
d [ ->- ] tp(a,a/3) = ad [ -'- ] <p(a,P) - a(a)p((3) 
dtp{a,ap) = a (&<p{a, /3) + d 1 ' r] p(a, 0)\ 
= adp(a, (3). 

A similar reasoning establishes the A-multilinearity in an arbitrary degree. □ 

Remark 2.3. There is no need to confirm the A-multilinearity in (upper) degrees > 1: When 
L is finitely generated as an A-module, as an i?-algebra, the graded A-algebra Alt a{L, A) is 
generated by its elements in degree and (upper) degree 1. When L is not finitely generated 
as an A-module, in a suitable topology, the graded A-subalgebra of Alt a{L, A) generated by 
its elements in degree and (upper) degree 1 is dense in Alt a(L, A). 

We will now develop an alternate characterization of Lie-Rinehart algebras, to be given 
as Theorem 12.51 below. This characterization will pave the way for developing a notion of sh 
Lie-Rinehart algebra in Section [5] below. To this end, let sL be the suspension of L, that 
is, sL is the A-module L regraded up by one, and consider the (graded) exterior i?-algebra 
A[sL]; to avoid misunderstanding or confusion, we note that we take A[sL] to be the graded 
symmetric i?-algebra on sL. The familiar shuffle diagonal turns A[sL] into an i?-bialgebra, in 
particular, into an i2-coalgebra, and the skew-symmetric bracket [ • , • ] on L (not assumed to 
satisfy the Jacobi identity) determines and is determined by a degree —1 coderivation d\ i 
on A[sL]. This coderivation induces the derivation d^'>'^ on Alt(L, A) = Hom(A[sL], A) given 
by (]2.5j) ; at this stage the sign in (12.51) is the correct one. Moreover, Alt(L, Der(A|i?)) = 
Hom(A[sL], Der(A\R)) acquires a graded Lie algebra structure as well as a graded Alt(L, A)- 
module structure, the action of Der(A|i?) on A extends to an action 

[•,•]: Alt(L, Der(A|i?)) x Alt(L, A) — ► Alt(L, A) (2.7) 
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by derivations and, with the structure of mutual interaction, the pair 

(Alt(L, A),A\t(L, Bev(A\R))) ^ (Hom(A[sL], A), Hom(A[aL], Der(A|.R))) (2.8) 

constitutes a graded Lie-Rinehart algebra. This graded Lie-Rinehart algebra is a special case 
of (|3.20j) below. The i?-linear map *&: L — > Der(^4|i?), cf. (12. lh . determines (and is determined 
by) the degree —1 morphism 

t = $o S - 1 :sL — >Bei(A\R), (2.9) 

the composite of the desuspension s™ 1 with and d l = [t, •] is the degree —1 derivation 
on Hom(A[sL], A) = Alt(L, A) given by (12. 4h . The various operators are now related by the 
identity 

(\d [ <- ] ,d t ]+d t d t }<p= [tS [v] +tAt,^] , (peAlt(L,A). (2.10) 
Notice that the composite 

A[sL] -^A A[sL] — ^ Dec(A\R) 

is a homogeneous degree —2 member of Hom(A[sL], Der (A\R)) in an obvious manner, and 
here and below we use the familiar notation t At = ^ [t, t] . Later in the paper, we will generalize 
the identity (EHUD to (IQTT) . 

Let C be a coaugmented differential graded cocommutative coalgebra and g a differential 
graded Lie algebra. Then the cup bracket [ • , • ] induced by the diagonal of C and the 
bracket [ • , • ] of g (where the notation [ • , • ] is abused) turns Hom(C, g) into a differential 
graded Lie algebra, the differential T> on Hom(C, g) being the ordinary Horn-differential; a 
Lie algebra twisting cochain is a homogeneous morphism t : C — > g of R- modules of degree — 1 
whose composite with the coaugmentation r/: R — > C is zero and which, with the notation 
t A t = 2 [t, t], satisfies the identity 

Vt + tAt = 0. (2.11) 

See e.g., [HS02] , [Moo71| . |Qui69| . The sign here is the same as that in Qui69|; it differs from 
that in [HS02| . The present sign convention simplifies our formulas. 
The following is immediate; we spell it our for ease of exposition. 

Proposition 2.4. (i) The bracket [ • , • ] on L is a Lie bracket, i.e., satisfies the Jacobi identity 
if and only if d\. t .id\. t . i =0. 

(ii) Suppose that the bracket [■ , •] on L is a Lie bracket and let t be the degree —1 morphism 
of R-modules given by (12. 9p . Then the following are equivalent: 

• The morphism t is a Lie algebra twisting cochain (A[sL], dr. j .1) — > Der(A\R); 

• the degree —1 morphism t satisfies the identity td\. r ]+tAt = 0; 

• the degree zero morphism i9, cf. (|2.ip . is a morphism of R- Lie algebras. □ 

The following observation characterizes a Lie-Rinehart algebra structure on (A, L) en- 
tirely in terms of the corresponding coderivation on A[sL] and the corresponding degree — 1 
morphism A[sL] — > Der(^4|i?). 
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Theorem 2.5. Given the data (A, L, [ • , ■],$), as before, let t = #o s -1 : A[sL] — > Der(^4|i?) ; 
cf. (|2.9p . The following are equivalent. 

(i) The data (A,L,[-, •],#) constitute a Lie-Rinehart algebra. 

(ii) T/ie coderivation $[.,.] on A[sL\ is a differential, i. e., = ; the degree — 1 
morphism t is A-linear, and and t are related by the following identities: 

££[.,.]+ i At = (2.12) 
<9[. | .] (ai, 002) = (i(ai)(a))a2 + aSr. j .](ai, 02), ai,a2 £ si, a £ A. (2-13) 

Proof. This is straightforward and left to the reader. □ 

Corollary 2.6. Suppose that the A-module L has the property that the canonical map 

L — ► Hom A (Honi4(L, A), A) (2.14) 

/rom L to its double A-dual Hom^Hom^L, A), A) is an injection of A-modules. Then the 
pair (A, L) constitutes a Lie-Rinehart algebra if and only if the derivation d = d t + d^' > ' J on 
Alt(L, A) passes to an R-linear differential on AHa(L, A), necessarily a derivation. 

The proof is straightforward, cf. e.g., [Hue05] (Lemma 2.2.11). In Theorem 14.71 below, we 
will generalize the sufficiency claim. To prepare for this generalization, we will now give a 
technically more involved proof of Corollary 12.61 which extends to the more general situation 
of Theorem 14.7} see also Remark 14.101 below. 

Proof of Corollary 12.61 Proposition 12.21 shows that the condition is necessary. To show that 
it is sufficient, suppose that the derivation d = d l + d^' ' on Alt(L, A) passes to an i?-linear 
differential on AltA.(L,A). 

Let a £ A. Since d^' ^a = 0, 

= dda = {d^'-l+d i )(dl-'^ + d t )a 
= [t#[.,.] +tAt,a\. 

Since a is arbitrary, we conclude 

td[. r] +t At = 0, 

whence L — > T)ei(A\R), cf. (|2.ip . is compatible with the brackets. Consequently, on 
Alt(L, A) (beware: not on Alt a(L, A), since this would not even make sense on Alt a{L, A)) 

[d [ -' ] ,d t ]+d t d t = 0. (2.15) 

Next, let ip G Hom^(sL, A), and view ip as a member of Hom(sL, A). Then 

= ddv = (d [ - '- ] + 9*)(a [ - '- ] + d^ip 

= (d [ -'- ] d [ -'- ] + [d^'-\d t ] + d t d t '\ if 

= d [ -'- ] d [ ''- ] if+ [td [ .^. ] +tAt,ip] 
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Let x € A3 [sL]. Then 

= (dckp)(x) = (d [ -'- ] d [ -'- ] p)(x) = G A. 

Since (p is arbitrary, and since (|2.14p is injective, we conclude that dr ]d<. r ](x) = £ sL. 
Since x is arbitrary, we see that ^[., •]$[•,•] = ; A3[sL] — > A^sL] = sL, whence the bracket 
[ • , • ] on L satisfies the Jacobi identity. 

Let a, b € A and a € sL. Since (a) = 0, the hypothesis of the corollary implies that 

b{t{a))(a) = 6(0*a)(6a) = (S*o)(6a) = (t(6a))(a) 

whence, since a is arbitrary, t is j4-linear or, in other words, the data satisfy the axiom (|2.2|) . 
Finally, let a £ A, 01,02 £ sL, and let </> € Honu (sL, A). Then 

(9V)( a i> « a 2) = a(d t (p)(ai, o 2 ) - y?(((toi)(a))o 2 ). ( 2 -16) 

Indeed, 

(d t ip)(ai,aa 2 ) = [t, <p](ai, aa 2 ) 

= a[t,Lp](a 1 ,a 2 ) - ((tai)(a))</?(a 2 ) 
= a(d t ip)(a 1 ,a 2 ) - ^(((ta 1 )(a))a 2 ). 

Moreover, 

9["''V(ai,aa 2 ) = <^(<9[.,.](a!i,aa 2 )). (2.17) 
Since 9* + di'''* passes to Alt^(L, A), we conclude 

{8 l + d [ ■ < ■ ] ,aa 2 ) = a(d t + d [ ' • ' ] )^(«i , a 2 ) 
a(d t (p)(ai,a 2 ) - ip(((ta 1 )(a))a 2 ) + tp(d[. : .] (oi, aa 2 )) = a(d t (p)(ax, a 2 ) + o^(5[. ( .] (01,02)) 
</>($[. >t ](ai,aa 2 ) - ((toi)(a))a 2 - a9[. ) .](oi,o 2 )) = 0. 

Since 9? is arbitrary, the hypothesis of the corollary implies the identity (|2.13p . viz. 

<9[. .](oi, ao 2 ) = ((toi)(a))o 2 + ad[. r ](ati, a 2 ). 

Theorem 12.51 implies that the data (A, L, [•, •],$) constitute a Lie-Rinehart algebra. In 
particular, the identity (|2. 13j) implies that the data satisfy the axiom f|2.3|) . □ 

Theorem 2.7. Suppose that the canonical A-module morphism (|2.14p from L to its double A- 
dual Hom^(Hom j 4(L, A), A) is an isomorphism of A-modules. Let d be an R-linear derivation 
on AHa(L,A) that turns the graded A-algebra Alt^(L,^4) into a differential graded R-algebra. 
Then (AHa(L, A), d) is the Maurer-Cartan algebra associated to a (necessarily unique) Lie- 
Rinehart structure on (A, L) . 

For example, the hypothesis of Theorem 12.71 as well as that of Corollary 12.61 is satisfied 
when L is a finitely generated projective A-module. 

See |Hue05| (Lemma 2.2.15) for a traditional proof. We now sketch a proof in the language 
and terminology of the proof of Corollary 12.61 above. An extension of this reasoning yields 
the proof of a more general result, Theorem 14. Ill below. 
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Proof of Theorem \2.7[ Let 

t : sL — ► Der(A|i?) C End(A, A) (2.18) 

be the adjoint of the composite 

d: A — > Hom^sL, A) C Hom(sL, A) 

of the derivation d with the injection into Hom(sL, A) as displayed. Then the derivation 

d l : Rom A (A[sL], A) — ► Hom(A[sL], A) (2.19) 

is defined, and hence the -R-module morphism i9, cf. (|2.ip . 
Likewise, notice that the composite 

d: Hoin^sL, A) — ► Hom A (A 2 [sL], A) C Hom(A 2 [sL], A) ^ Alt 2 (L, A) (2.20) 

is defined, and let 

fill-'-] =d-d t : Rom A (sL,A) — ► Hom(A 2 [sL], A). (2.21) 

Consider the pairing 

L®L® Hom^L, A) — ► A 

a <g> /3 <g> </? i — > ±(d^ r \ipo S ~ 1 ))(sa, s(3). 

Since the map (|2A4p from L to its double A-dual is an A-module isomorphism, this pairing 
induces a skew symmetric ii-linear bracket [ ■ , ■ ] on L, and hence a coderivation 

d lr] : A[sL] — > A[sL]. 

By construction, the pieces of structure (A, L), cf. (12. ip . and [ • , • ] satisfy the hypothe- 
ses of Corollary 12.61 Hence the pair (A, L), endowed with •& and the bracket [ • , •], constitutes 
a Lie-Rinehart algebra. Still by construction, the differential graded ii-algebra (Alt a (A A), d) 
is the Maurer-Cartan algebra associated to that Lie-Rinehart algebra. □ 

Remark 2.8. Corollary 12.61 has the following consequence: If the derivation d = d l + t?l' ' ' on 
Alt(L, A) restricts to an i?-linear differential on Alt a(L, A) C Alt(L,A), it is necessarily a 
differential on all of Alt(L, A). 

Remark 2.9. Let g be an ordinary Lie algebra. The identity (|2.1ip characterizing a Lie algebra 
twisting fixes the operator £*[.,.] on A[sg]. Indeed, the desuspension i = s _1 : sg — > g is the 
universal Lie algebra twisting cochain for g. Let x,y G g. Since £>t = and since 

(i A t)(sx, sy) = |[- , •] o t ® t(sx, sy) = [y, x] 

we find 

td[ . , . j (sx, sy) = -t A i(sx, sy) = [x, y] (2.22) 

5[.,.](sx,sy) = s[x,y). (2.23) 
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Remark 2.10. Let M be a smooth manifold. In the standard formalism the de Rham differ- 
ential d is given by the formulas 

df(X) = X(f) (2.24) 
da(X, Y) = Xa(Y) - Ya(X) - a[X, Y] (2.25) 

etc. Here / is a smooth function on M, X and Y are smooth vector fields, and a is a smooth 
1-form. While in degree 1, the sign of (|2.24|) is the same as that of the corresponding operator 
gt (= Qt + d\ . ] ) , cf . (|2.4p , in degree 1 , the sign of (|2.25p is opposite to that of <9* + d\ . } . i . The 
sign in (|2.25p arises by abstraction from the naive evaluation of a 2-form of the kind dfdh on 
a pair of vector fields by means of the product formula 

a A P(X,Y) = a(X)P(Y) - 0(X)a(Y) 

involving two 1-forms. However when we systematically exploit the Eilenberg-Koszul conven- 
tion, the product formula takes the form 

a A 0(X, Y) = -a(X)(3(Y) + f3(X)a(Y) 

and accordingly, the resulting sign coincides with that of the operator <9* + d\ . > . i . 

3 Some technicalities 

We work over a commutative ground ring R that contains the rational numbers as a subring. 
Graded objects are graded over the integers. We understand a differential as an operator that 
lowers degree by 1, and we then indicate the degree by subscripts if need be. At times it is 
convenient to switch notationally to superscripts; here our convention is A q = A_ q , so that 
the differential takes the form d: A q — >• A q+1 . Henceforth 'graded' means externally graded, 
cf. e.g., [Mac67| (p. 175 ff.), that is, we work only with homogeneous constituents. 

3.1 Hom-differential 

Given two chain complexes C\ and C2, we write the Hom-differential on Hom(Ci,C2) as T>\ 
this differential turns Hom(Ci, C2) into a chain complex. We recall that, given a homogeneous 
member / of Hom(Ci, C2), the value V{f) is given by 

V(f) = dof + (-l)\f\+ l fod. (3.1) 

3.2 Hopf algebra of forms and beyond 

Later in the paper we will develop an sh Lie-Rinehart concept that involves sh Lie-algebras. 
An sh Lie algebra structure is characterized in terms of a cofree differential graded cocommu- 
tative coalgebra. Under our circumstances, the ground ring is assumed to contain the rational 
numbers as a subring, and to develop the sh Lie-Rinehart concept later in the paper we must 
express things in terms of the coalgebra that underlies the symmetric Hopf algebra. We now 
explain the requisite technical details. 

Let V be a graded R- module and let S[V] denote the graded symmetric i?-algebra on V. 
The diagonal map of V induces a graded cocommutative diagonal map on S[V], indeed, the 
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familiar shuffle diagonal map, that turns S[V] into a graded bialgebra. Let T°[V] denote the 
graded tensor coalgebra on V in the category of R modules, and let S C [V] C T C [F] be the 
largest graded cocommutative subcoalgebra of T c [y] containing V, cf. |Moo71] (p. 338) 
where this construction is taken over a field of characteristic different from 2. The universal 
property of T°[V] entails the existence of a unique extension of the identity of V to a morphism 
S[V] — >■ T C [F] of graded coalgebras and, since S[V] is cocommutative, the values of that 
morphism lie in S C [V], that is, the identity of V induces a canonical morphism 

S[V] — > S C [V] (3.2) 

of graded cocommutative coalgebras. Since R is assumed to contain the rational numbers as 
a subring, (|3.2j) is an isomorphism. Indeed, in degree n, the composite 

y®n mult > gn ^ n\ > gn ^j 

of the multiplication map mult with multiplication by -j, restricted to S^[V] C V® n , yields 
the inverse of (13. 2p . The coalgebra S C [V] is the cofree graded cocommutative coalgebra on V 
in the category of R- modules. The addition of V induces a graded commutative multiplication 
that turns S C [V] into a graded bialgebra, and (13.21) is an isomorphism of graded bialgebras. 
For both S [V] and S c [V] , multiplication on F by -1 induces an antipode turning each of S [V] 
and S C [V] into a graded Hopf algebra over R. 
The dual of U32J has the form 

Hom(S c [y],i?) — >-Hom(S[F],.R), (3.3) 

and Hom(S[V], i?) is traditionally interpreted as an algebra of multilinear graded symmetric 
forms (alternating when V is concentrated in odd degrees and symmetric in the usual ungraded 
sense when V is concentrated in even degrees). Thus the algebra structure of the algebra 
Hom(S[V], R) of multilinear graded symmetric forms is induced by the shuffle diagonal on 
S[V}. 

Remark 3.1. To the browsing reader, the distinction between S[V] and S C [V] might appear 
pedantic, so here is one hint at the difference between the two: An i?-linear map q: S^V] — > R 
on the degree 2 constituent of S° [V] is a (graded) quadratic form, and the composite with the 
canonical map 

v®v ^§ 2 [v\ ^s^[y] 

is the associated (graded) polar form. 

Remark 3.2. The graded coalgebra S C [V] is the graded coalgebra that underlies the divided 
power Hopf algebra T[V] on V, cf. [Car55] . [EML54J (§§17 and 18). On the other hand, the 
assignment to x G V of = ^\X k (k > 0) turns S[V) into a divided power Hopf algebra. 

In terms of these divided powers, the diagonal map A of S[V] is given by the identity 

A (7n(a0) = ^2 7 ^ x ) 8 ^{x), n > 1, x G V, 

j+k=n 

Now (|3.2p is an isomorphism of divided power Hopf algebras. 

In terms of the notation V* = Hom(V,i?), when V is of finite type (finitely generated in 
each degree), (|3.3p can be written as 

S[V*} — ► S C [V*} (3.4) 
and is formally exactly of the same kind as (|3.2p . with V* substituted for V. 
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3.3 Perturbations 



Let (C, d) be a chain complex. Recall that a perturbation of d is an operator d on C such that 
(i + d is a differential. When (C, c?) is a differential graded coalgebra with counit e : C — > R, 
a perturbation d of d that is also a coderivation is a coalgebra perturbation. Likewise when 
(A, d) is a differential graded algebra, a perturbation d of d that is also a derivation is an 
algebra perturbation. 

Let C be a coaugmented differential graded coalgebra, the coaugmentation being written 
as 77: R — > C, write the resulting coaugmentation filtration as 

R = C C Ci C . . . C Cj C . . . , (3.5) 

and suppose that C is cocomplete, that is, C = UCj. It then makes sense to require that 
a coalgebra perturbation lowers filtration. We warn the reader that, to avoid an orgy of 
notation, here the subscripts refer to the filtration degree and not to the ordinary degree. 
Henceforth, whenever we use subscripts of this kind, it will be clear from the context whether 
filtration degree or ordinary degree is intended. 

Let $[.,.] be a coalgebra perturbation that lowers filtration. Suppose that dt. t .] can be 
written in the form 

t .,. ] =af. ) . ] + ... + 0f. i . ] + ... (3.6) 

such that 0! when non-zero, lowers filtration by j and not by j + 1 (j > 1). We will 
then say that $[.,.] is a filtered coalgebra perturbation. The bracket subscript is intended as a 
mnemonic that, for our purposes, later in the paper, such a perturbation characterizes an sh 
Lie algebra structure. In particular, given a filtered coalgebra perturbation dt 1, the counit 
e: C — > R being a morphism of chain complexes, for j > 1, the constituent <9j? ^ vanishes on 
Cj whence, since C is cocomplete, the infinite sum (|3.6p converges naively in the sense that, 
applied to a specific element of C, only finitely many terms are non-zero. 

Given a filtration decreasing coderivation of degree —1 of the kind (j3.6|) such that d? 
when non-zero, lowers filtration by j and not by j + 1 (j > 1), save that Sr.j is not required 
to be a perturbation of the coalgebra differential d° of C, we refer to a filtered degree — 1 
filtration decreasing coderivation. The wording of Theorem 14.71 involves a filtered degree — 1 
filtration lowering coderivation; Theorem 14.71 is a crucial step for Theorems I4.1H I5.1H I5.15( 
and 15.161 For our purposes, a filtered degree —1 filtration lowering coderivation generalizes a 
skew-symmetric bracket which is not assumed to be a Lie bracket (i.e., does not necessarily 
satisfy the Jacobi identity). For later reference, we spell out the following. 

Proposition 3.3. A filtered degree —1 filtration lowering coderivation $[.,.] is a filtered coal- 
gebra perturbation of d° if and only if, for j > 1, 

j'-i 

k=l 

For the benefit of the reader we note that (13.711 reads 



d°dl. ] +d{.. ] d° = (3.8) 

d O ^.,.] + ^. ) .]d O + ^ 1 .,.]0f.,.] =° ( 3 - 9 ) 

«i 5f.,.]+Sf. 1 .]d + 5f.,.]^. 1 .]+Sf.,.]5f.,.]=0 (3.10) 

etc. 
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3.4 Filtered Lie algebra twisting cochains 

Let C be a cocomplete coaugmented differential graded cocommutative coalgebra and g a 
differential graded Lie algebra. Let 

t = h+t 2 + ... : C ^ q (3.11) 

be a Lie algebra twisting cochain such that, for j > 1, the constituent tj, if non-zero, is zero 
on the constituent Cj-i but not on the constituent Cj of the coaugmentation filtration of C, 
cf. (|3.5f) . Since C is cocomplete, the infinite sum (|3.1ip converges naively in the sense that, 
applied to a specific element of C, only finitely many terms are non-zero. We will then say 
that t is a filtered Lie algebra twisting cochain. 

Remark 3.4. Write the differential graded Lie algebra Hom(C, g) as £, write C° = £ and, for 
j > 0, let 

C j+1 = ker(Hom(C,g) — ► Hom(Cj,g)). 
The coaugmentation filtration of C induces the descending filtration 

£ = /: 3£ 1 D..J... (3.12) 

of differential graded Lie algebras. The Lie algebra twisting cochain (|3.1ip being filtered 
means that, for j > 1, the constituent tj lies in C? but not in £ 3+1 . 

We will refer to a homogeneous morphism of degree —1 of the kind (|3.1ip that is not 
necessarily a Lie algebra twisting cochain as a filtered degree — 1 morphism. We need this 
terminology to be able to phrase Theorem 14.71 a crucial step for Theorems 14.111 15.111 15.151 
and 15.161 

For later reference, we spell out the following. 

Proposition 3.5. Let (C,d°) be a coaugmented differential graded cocommutative coalgebra, 
and let £?r. >t i be a filtered coalgebra perturbation of d° . A filtered degree —1 morphism 

t = h + t 2 + ... ■ C — > q 

is a Lie algebra twisting cochain 

t: (C,d° + d { . r] ) ^ 

if and only if, for j > 1, 

3-1 3-1 

d t j + t j d° + t k 9(~ k ] + Yl tk A tj ~ k = °- ( 3 - 13 ) 

k=l k=l 

Explicitly, the identities (|3.13p take the form 

dot 1 + t 1 ^ = (3.14) 

d t 2 + t 2 d° + t 1 ^ 1 . _ . j + t l A t l = (3.15) 

d t 3 + t 3 d° +t l df, .] +t 2 d\. .] + [t\t 2 ] = (3.16) 

dot 4 + t 4 d° + t l dl r] + t 2 df. r] + t 3 dl r] + [t\t 3 }+t 2 At 2 = 0, (3.17) 
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etc. For clarity, we note that, as for the term X/fc=i t k AP k in (|3.13p . this identity is a concise 
version of the two identities 

2j-l j-l 

d t 2j + t 2j d° + ^ t k di~\ + J}**, * 2fe ~ X ] + ^ A i- 7 = (j > 1) (3.18) 
fc=l fc=i 

dot 2i+l + ^i+i^Q + £ tfc^+l-* + t 2fc-i] = (j > 0). (3.19) 

fc=l fc=l 

3.5 Lie-Rinehart structures associated to Hom(C, A) 

Let C be differential graded cocommutative coalgebra and A a differential graded commutative 
algebra. The Horn-differential T> and the cup product turn Hom(C, A) into a differential 
graded commutative algebra. Likewise Hom(C, ~Dei(A\R)) acquires a differential graded R- 
Lie algebra structure and a differential graded Hom(C, ^4)-module structure. Furthermore, 
with this structure of mutual interaction, the pair 

(A, C) = (Hom(C, A),Hom(C, ~Dex{A\R))) (3.20) 

is a differential graded Lie-Rinehart algebra. 

Let t S Hom(C, Der (A\R)) be homogeneous of degree —1, at first not necessarily a Lie 
algebra twisting cochain C — > Der(A\R). The morphism t determines a derivation 

d l : Hom(C, A) — > Hom(C, A). (3.21) 

Indeed, consider the universal differential graded algebra Uyi[Der(A|i?)] associated to the dif- 
ferential graded Lie-Rinehart algebra (A,~Dei(A\R)), and let [■ , •] denote the ordinary com- 
mutator bracket of U J 4[Der(A|i?)]. In terms of this bracket, we write the action of Ber(A\R) 
on A as the bracket operation 

Ber(A\R) <g> A — > A, (6, a) i — > [5, a]. (3.22) 

This bracket, in turn, induces a bracket pairing 

[•,•]: Hom(C, Der(A|i2)) ® Hom(C, A) — > Hom(C, A), (3.23) 

and the operator d l is given by the expression 

d\a) = [t,a], a £ Hom(C,A). (3.24) 

We will now suppose that C is coaugmented. 

Proposition 3.6. The degree — 1 morphism t: C —> Der(j4|i?) of the underlying graded R- 
modules is a Lie algebra twisting cochain if and only if the derivation d l is an algebra pertur- 
bation of the Horn- differential V on Hom(C, A), that is, if and only ifV + <9* is a(n algebra) 
differential on Hom(C, A). 

Proof. This is a consequence of the identity 

{Vd l + d t V + d t d t ){a) = [Vt + tAt,a], a £ A = Hom(C, A). 

□ 
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4 Multi derivation Maurer-Cartan algebras 



Let (A, T>o) be a differential graded algebra, endowed with a filtration 

A = A°^A 1 ^...^... (4.1) 

that is compatible with the differential T>q. We warn the reader that, to avoid an orgy of 
notation, here the superscripts refer to the filtration degree and not to the ordinary degree 
(written in superscripts). Henceforth, whenever we use superscripts of this kind, it will be clear 
from the context whether filtration degree or ordinary degree is intended. Let T> = X^j>i "Dj 
be an algebra perturbation of 2?o such that, for j > 1, the derivation Dj, when non-zero, 
lowers filtration by j but not by j + 1 (j > 1) in the following sense: for any t > 0, the 
derivation Dj, restricted to A^, has the form 

Vj : A e — > A £+j (4.2) 

but does not factor through A i+ ^ +1 as a composite of the kind A — > A i+ ^ +1 C. A + ^. 
Here we implicitly assume that Y2j>i converges, either naively in the sense that, given a 
homogeneous member a of A, only finitely many values T>j(a) are non-zero or, more generally, 
in this sense: the filtration is complete, that is, the canonical map A — > ]im(A/A > ) is an 
isomorphism, and Ylj>i converges. We will then say that 

(A,V ,V U ...) (4.3) 

is a multi derivation chain algebra. 

Remark 4.1. Given a filtered algebra of the kind ()4.ip . suppose that A admits a bigrading 
{A p ' q } p q with filtration degree p > and complementary degree q; here the meaning of the 
term 'complementary degree' is that p + q recovers the total degree. Then a special kind 
of multi derivation chain algebra structure on A is one of the kind where the operators Vj 
(j > 0) take the familiar form 

V : A p,q > A p+ 3' q ~i +1 . 

We will refer to this kind of multi derivation chain algebra structure as a bigraded multi 
derivation chain algebra structure. 

Remark 4.2. Given a filtered algebra of the kind (14. ip . let Eo(^4) denote the associated bi- 
graded algebra, with bigrading 

Eo(A)™ = E (Af_ q = (^/^ +1 )_ (p+ ,), 

filtration degree p > and complementary degree q. A multi derivation chain algebra struc- 
ture T>q , T>\ , . . . on A induces a bigraded multi derivation chain algebra structure T>q , T>\ , . . . 
on Eq(^4); we will refer to this bigraded multi derivation chain algebra structure as the as- 
sociated bigraded multi derivation chain algebra structure. A bigraded multi derivation chain 
algebra is isomorphic to its associated bigraded multi derivation chain algebra via the obvious 
map from the former to the latter. 

Let C be a cocomplete coaugmented differential graded cocommutative coalgebra and A a 
differential graded commutative algebra. We write the differential of C as d°. Furthermore, let 
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<9[. .] be a filtered degree —1 filtration lowering coderivation on C and t: C — >• Der (A\R) a fil- 
tered degree —1 morphism. We use the notation in (j3.6[) for the constituents &! _■, and that in 
(|3.11|) for the constituents tj of t (j > 1). Consider the differential graded algebra Hom(C, A), 
endowed with the Horn-differential T>q, as well as the graded Lie algebra Hom(C, Der(^4|i?)), 
endowed with the Horn-differential T>q, where the notation is slightly abused. For j > 1, the 
operator d tj , cf. f|3.24j) . is a derivation of Hom(C, A), and the coderivation , of C induces 

a derivation <9j ' of Hom(C, A); explicitly, given ip G Hom(C, A) homogeneous, 

= (-l)M+Voaf. t . (4.4) 

Thus the derivations 

dl, ' ] = Y, d j' ] ( 4 - 5 ) 

d l = &* (4.6) 

V lr] =V + d [ -'- ] (4.7) 

Vj = &> : +d\' r] (j > 1) (4.8) 

V = V VA +d f = X> + 5 [ -'- ] +9* = D + ^X> j (4.9) 

of Hom(C, j4) are defined. With a slight abuse of notation, we denote the corresponding 
operator on the graded Lie algebra Hom(C, Der(A\R)) by 

V { . t .] =£> + 3 [ ''' 1 : Hom(C,Der(^|i?)) — ► Hom(C, Der(A\R)) (4.10) 

as well. For ease of exposition, we recollect the following (obvious) statements in the next 
proposition. 

Proposition 4.3. 1. The filtered degree —1 filtration lowering coderivation 9\.a is a per- 
turbation of the coalgebra differential dP on C if and only if 

,.]] + <}[. ^d^.^O. (4.11) 

2. Suppose that d\. .\ is a (coalgebra) perturbation of the differential d° on C. Then t is a 
Lie algebra twisting cochain of the kind (C,d° +dr.i) — > Dei(A\R) if and only if 

V { , A t + t At = € Hom(C,Der(A|i?)). (4.12) 

3. The derivation d^'''^ is an algebra perturbation of the algebra differential Vq on 
Hom(C, A) if and only if 

[2? ,d [ ' , ' 1 ] + d [ ''' 1 d [ ' , ' ] =0. (4.13) 

4- The identity (|4.1ip implies the identity (14.131) . Thus when dP + Sl.i is a (coalge- 
bra) differential on C, the derivation T)\.a = Pq + ^ ' * s an algebra differential on 
Hom(C,A). 
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5. The system of derivations {Dj}j>o turns Hom(C, A) into a multi derivation chain alge- 
bra, that is, the derivation T>, cf. (|4.9p , is an algebra differential on Hom(C, A), if and 
only if 

[V ,d [ -'- ] ] + [X> ,<9*] + + d [ -'- ] d [ -'- ] + d t d t = 0. (4.14) 

6. The identities (I4.1ip and (|4.12j) together imply the identity (I4,14p . Thus when dt . i . i is a 
(coalgebra) perturbation on C and t: (C,d° +dr. j .i) — > Der(yl|ii) a Lie algebra twisting 
cochain, the derivation T>, cf. (14. 9p . is an algebra differential on Hom(C, ^4). 

Let V be a differential graded A-module. The ^4-module structure being from the left, 

V also acquires an obvious differential graded right yl-module structure — this involves the 
Eilenberg-Koszul convention — , and the graded tensor powers V® An (n > 1) are defined. 
Accordingly, let Sa[V] be the graded symmetric ^4-algebra on V, and endow it with the 
differential graded A-module structure it acquires in an obvious manner. The differential 
graded symmetric R- algebra S[V] is defined in the standard way, and the canonical map 
S[V] — > Sa[V] is a morphism of -R-algebras. As noted before, the diagonal map V ^ V ®V 
induces the standard shuffle diagonal on S[V] and, likewise, a shuffle diagonal on S^[V] in 
such a way that S[V] — » Sa[V] is compatible with the diagonals but, beware, S[V] — >■ Sa[V] 
is not in a naive manner a morphism of coalgebras. 

We will now apply the previous discussion to C = S[V] and A, as well as, suitably adjusted, 
to S^ifV] and A. The graded commutative algebra Hom(C, A) (endowed with the cup multi- 
plication) is that of graded symmetric A- valued i?-multilinear forms on V, the differentials on 

V and A induce the algebra differential written before as T>q, and we continue to use this nota- 
tion. Likewise, Homyi(SA[V], A) is the graded A- module of graded symmetric A- valued graded 
^4-multilinear forms on V. A little thought reveals that, since S^y] is a differential graded A- 
module, with a slight abuse of the notation T>q, this operator passes to Hom^(S J 4[V], A) and, 
with respect to the ordinary multiplication of forms (induced by the shuffle diagonal on [ V] 
and the multiplication of A), turns Hom^S^IV], A) into a differential graded commutative 
i?-algebra. We write this differential graded algebra as (Sym^(V, A), T>q). 

Recall the coaugmentation filtration R = Cq C C\ C . . . of the coaugmented differential 
graded cocommutative i?-coalgebra C = S[V] and, for j > 0, let 

Rom(S[V],A) j+1 = ker(Hom(C,^) — ► Hom(C j ,^)). 

Relative to the differential T>q, 

Rom(S[V],A) = Rom(S[V],A)° D Ham(S[V], A) 1 D ... D ... (4.15) 

is a descending filtration of differential graded algebras and, in an obvious manner, still relative 
to the differential T>q, this filtration induces as well a filtration 

Sym A (V, A) = Sym A (V, A) D Sym A (V, A) 1 D . . . D Sym A (V, Af D . . . (4.16) 

of differential graded i?-algebras. 

As noted earlier, since the ground ring R contains the rational numbers as a subring, as a 
Hopf algebra, the differential graded symmetric algebra S [ V] is actually canonically isomorphic 
to the cofree differential graded cocommutative coalgebra S C [V] on V; in particular, the 
coaugmentation filtration coincides with the tensor power filtration. 

As before, let 9r i be a filtered degree —1 filtration lowering coderivation on C = S[V] 
and t: C = S[V] — > Der(yl|i?) a filtered degree —1 morphism. The following is immediate. 
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Proposition 4.4. Suppose that, for j > 1, each derivation T>j of Hom(S[V], A) (though not 
necessarily the individual constituents d ti and dj ' ofDj = <9 <J +3j ' ) passes to a derivation 
of Sym A (V, A) = Hom A (S A \y], A), necessarily lowering the filtration (|4.16p by j (with a slight 
abuse of the notation T>j). When V is an algebra differential — equivalently, when Y2j>i^j> 
cf. (|4.9p . is an algebra perturbation of the algebra differential T> on Sym A (V, A) — , the data 

(Sym A (V,A),V ,Vi,V 2 ,...) (4.17) 

constitute a multi derivation chain algebra. 

Corollary 4.5. Suppose that dr.,.1 is a (coalgebra) perturbation on C = S[V] and t a filtered 
Lie algebra twisting cochain (C,d ~~ > T)er(A\R). Suppose that, furthermore, for 
j > 1, each derivation Vj of Hom(S[V], A) (though not necessarily the individual constituents 

d l i and d]' 1 '-' of Vj = d t] + dj'''^) passes to a derivation of Sym A (V, A) = Kom A (SA[V], A) . 
Then (|4.17p is a multi derivation chain algebra. 

Remark 4.6. The graded commutative algebras Hom(S[V],A) and Hom^(S>i[^], A) are bi- 
graded in an obvious manner: Write the grading of A in superscripts, so that A- q = A q 
and so that the differential of A takes the form do : A q — > A q+1 . A homogeneous member of 
Hom(S[V], A) of the kind 

/: V h x . . . x V jp -> A**™-™-*' 

has filtration degree p and complementary degree q, cf. Remark l4.ll and the resulting bigrad- 
ing of Hom(S[y], A) passes to Rom A (S A [V], A). 

We will now explore the question to what extent the converse of the statement of Corollary 
14.51 holds. Here is a generalization of the sufficiency claim of Corollary 12.61 above. 

Theorem 4.7. Given the filtered degree —1 filtration lowering coderivation dt ] and the 
filtered degree —1 morphism t, suppose that, for j > 1, each derivation Vj of Hom(S[V], A) 
(though not necessarily the individual constituents d f i and d 1 - ' ' ofDj = + dj ' passes 
to a derivation of Sym A (V, A) = Hom A (SA[V], A) and that (I4.17|) is a multi derivation chain 
algebra. Suppose, furthermore, that the canonical morphism 

V —> Hom A (l/, Rom A (V, A), A) (4.18) 

of graded A-modules (from V into its double A-dual) is injective. Then <9[.,.] is a coalgebra 
perturbation of the coalgebra differential d°ofC = S[V], and t is a Lie algebra twisting cochain 
(C,d° + !-> Bev(A\R). 

Remark 4.8. In Theorem 14. 71 we do not assume that the multi derivation chain algebra (|4.17p 
comes from a multi derivation chain algebra structure on the ambient algebra Sym(y, A) = 
Rom(S[V],A). 

However, Theorem 14.71 has the following curious consequence, cf. Remark 12.81 above: 
Corollary 4.9. Under the circumstances of Theorem \A.7\ the data 

(Sym(y, A),V ,V 1 ,V 2 ,...) = (Hom(S [V] ,A),T) ,T>i,'D2, ...) (4.19) 
necessarily constitute a multi derivation chain algebra as well. 
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Proof of Theorem \A.7\ We must confirm the identities (|3.7p and fj3. 13j) . 
We note first that, on Hom(S[V], A), 

j / j'-i 3-1 \ 

j> fc Bi- fc = [Po,^] + ^[4''- ] ,^-- fc ] + J> ifc ^"* 

fe=0 V fe=l fe=l / 

k=l 

Let £>0,j>l, and let a € A. Exploiting the bracket pairing (|3.23|) . we find 
/ i-i j'-i \ 

[x> , ^ ] + y [4' ' ' 1 . dh ~ k } + Y dtk dtj ' k a 

V k=l k=l J 

3-1 3-1 

d t j + pd° + y tkd l~ k ] + Y fkA t3 ~ k i a 

k=l k=l 

Since a and j are arbitrary, and since the second constituent 

3-1 



(4.20) 



(4.21) 



k=l 



on the right-hand side of (|4,20p . evaluated at a € A is zero, we conclude that the identities 
(|3TT3l) hold. 

To establish the identities (|3.7|) . let again j > 1. We note first that, j having been fixed, 
the identity (|3.13p . in turn, implies that the identity 



3-1 3-1 

po , &* } + Y rt' ' ' 1 > dh ~ k \ + Y Qtk dh ~ k = 

k=l k=l 



(4.22) 



holds on Hom(S[V], A) (not just on Hom^SfV], A), in fact it would not even make sense on 
Uom A (S[V],A)). 

Let x € S- ?+1 [y] homogeneous (beware, x is not taken to be a member of S^ +1 [V]) and € 
Hoin^F, S^ +1 [y]) homo geneous. For the moment, view ip as a member of Hom(V, S^ 1 t " 1 [y]). 
By construction 



3-1 



3-1 



[V Q , d\->- ] ] + Y 4' ' M'-k <P(*) = ±V d°d(. . ■ <v • Y d l , -iC* (*) 



k=l 



k=l 



However, in view of (pL"2"0j) and (|4T2"2"|) . 



3-1 



\v ,d\-'- l ] + Y^ d \- 



-k v 



k=l 



Y V k V j-k I V 3 - 
\k=0 J 



(4.23) 



Now 



t 3-1 \ 

\ k=i ) 
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By assumption, X/fc=o ^kDj-k is zero on Sym^V, A) and ip was taken in Sym^V, A) whence 

^^^. .j+^ .^ + ^Sf.,.]^ (x)j =0. (4.24) 

Since the canonical morphism (|4.18p of graded ^-modules is supposed to be injective and 
since tp is arbitrary, we conclude 

Since x £ S J+1 [V] is arbitrary, we find 

3-1 

d°d(, r] +dl.,. ] d + J2 d l-,-] d [~ k ] = °' ( 426 ) 

k=l 

that is, the identity (|3.7p holds as well. □ 

Remark 4.10. It is instructive to illustrate the reasoning in the above proof in low degrees: 
For j = l, the identity (|4.20p reads 

V V 1 +V 1 V = [V ,d t "] + [V ,d [ l '% 

the hypothesis = T>qT>i + D\Do comes down to 

0=[V ,d t '} + [Vo,d['- ] }:Rom A (S e A [V},A)^Bom A (S e / 1 [V},A), (4.27) 

and the identity (|4.2ip amounts to 

[V ,d h ]a = [dot! + ti(P,a] , a e A. 

Since a € A is arbitrary, we conclude that t\ satisfies the identity (|3.14p . viz. dot! + £irf° = 0, 
whence ti : V — >■ A is a morphism of chain complexes. Consequently the derivation [Do^* 1 ] 
is zero on all of Hom(S [V] , A) . Since the sum [Do, d' 1 ] + [Do, d[ ' '] is zero, in view of 



[D Q , d^] + [Do, d[- '- J ]J y,(a:) = [doti + M°, tp] (x) ± tp((df. r] d° + d°df. i . ] ){x)), 
for any tp 6 Hom^F, A) and any x € S 2 [y], we deduce the identity (|3.8p . viz. 

Consequently the derivation [Poj^l ' is zero on all of Hom(S[y], A). 
For j = 2, the hypothesis V0D2 + D^Do + D^T>! = implies 

[Do, d t2 \ + [V ,d [ 2 r] ] + [d fl ,d[''' ] ]+& 1 & 1 +d['' ] d[>' ] . = (4.28) 
Given a £ A, exploiting the identity (j4.20|) . we find that 

{[Do, SP l ] + d[ r] & L + a* 1 a' 1 ) (a) = [d t 2 + t 2 d° + ti^ 1 .] + h A ti, a 
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is zero. Since a G A is arbitrary, we conclude that do^2 + ^2^° + t\d} .1 + h A t\ is zero, that 
is, t\ and £2 satisfy the identity (|3.15p . Consequently [V ,d t2 ] +d['''^d tl +d tl d tl = 0, whence 
[V ,d [ 2 '' ] ]+d['' ] d[' , ' ] = 0, and thence ([3J)]) holds, viz. 

d°0f.,.] +af. i . ] d° + a [ 1 i . ] a [ 1 i . ] = o. 

The next result extends Theorem 12.71 above. 

Theorem 4.11. Suppose that the canonical morphism (|4.18|) 0/ graded A-modules is an 
isomorphism. Let {Vj}j>i be a family of derivations of Sym A (V, A) such that Vj lowers the 
filtration (14.16R by j. Suppose, furthermore, that 

(Sym A (V;jl),Z>o,Z>i,2>2,...) (4.29) 

is a multi derivation chain algebra. Then the family {Vj}j>i arises from a (necessarily 
unique ) filtered ( coalgebra ) perturbation d\ . j . 1 of the coalgebra differential d° on C = S [V] and 
a filtered Lie algebra twisting cochain t: (C,dr + $[.,.]) — > T)er(A\R). 

Proof. For j > 1, let 

^ : S j [V] — > Der(A|i2) C End(A, A) (4.30) 
be the adjoint of the composite 

Vj : A — > Hom A (S j A [V], A) C Hom(S A [F], 4) 

of the derivation Vj with the injection into Hom(S A [V], A) as displayed. This yields a filtered 
degree —1 morphism t: S[V] — > T>ei:(A\R). By construction, the derivations 

&* : Hom A (S[y],^) — > H.om(S[V],A) (j > 1) (4.31) 

are then defined. 

Likewise, let j > 1, notice that the composite 

Dj: Hom A (y, A) — > Hom A (S A +1 [V] , A) C Hom(S i+1 [y], A) (4.32) 

is defined, and let 

fiJ/'-l = X>j - ^ : Hom A (T/, A) — ► Hom(S J ' +1 [^], A). (4.33) 
Consider the pairing 

g, Hom A (V r , A) — > ^4 
ai ® . . . <gi aj + i <£> v? 1 — > dy'*ip(a\, . . . ,0^+1). 

Since the map from V to its double A-dual is an ^-module isomorphism, this pairing induces 
an operation 

W { , r y S j + 1 [V] — > V, 

and we extend 1 to a coderivation 

3> : S[V] — ► S[V]. 
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This yields a filtered degree —1 filtration lowering coderivation <9[. r ] = 52j>$. .]• 

By construction, the hypotheses of Theorem 14.71 are satisfied. In view of that theorem, 
d[. t .\ is a filtered coalgebra perturbation of the coalgebra differential d° of C = S[V], and t 
is a filtered Lie algebra twisting cochain (C,d° + &[■,.]) Der(A\R). By construction, the 
family {£*j}j>i of derivations arises from these data as asserted. □ 

Under the circumstances of Theorem [421 when each derivation T>j is A- multilinear in such 
a way that (|4.17j) is a multi derivation chain algebra, we refer to the multi derivation chain 
algebra as the multi derivation Maurer-Cartan algebra associated to the data. Theorem (|4.11j) 
says that, when (|4.18p is an isomorphism, any multi derivation chain algebra structure on 
Sym A (V, A) is the multi derivation Maurer-Cartan algebra associated to a filtered coalgebra 
perturbation on S[V] and a filtered Lie algebra twisting cochain t: (S[V],d +$[•,•]) ~~ ^ 
Der(^4|i?) having the property that each derivation of the kind 2X-, cf. (|4.8p . is A- multilinear. 

5 sh Lie-Rinehart algebras 
5.1 sh Lie algebras 

Let be an i?-chain complex. An sh-Lie algebra or, equivalently, L^- algebra structure on 
is a coaugmentation filtration lowering coalgebra perturbation d[. .y. S c [sq] — > S c [sq] of 
the coalgebra differential d° on S c [sg]. We will then refer to the pair (jj,<9j. .]) as an sh Lie 
algebra. 

In the literature, it is common to write the structure in terms of higher order brackets. 
While we do not use the bracket formalism in the paper, for the benefit of the reader, we now 
explain how the higher order brackets arise: For n > 2, consider the graded symmetrization 
map 

(s )® n S c n [sQ], ai ® . . . <g> o„ ■— ► ^ £ ±a al ® . . . a an , 

and use the bracket notation 

on — 1 

[•,..., ( afl )®» S n [, ] SUsg] ( 5 - X ) 

for the depicted 0-valued operation of n-variables ranging over g; by construction, the oper- 
ation [•,..., ■ ] has homogeneous degree n — 2 and is graded skew symmetric. 

Let (§,(?[. .]) be an Loo-algebra and suppose that q is concentrated in degrees < 0; we 
then write $ = Q-j (J > 0). The Loo-structure is given by a system of bracket operations 

[.,...,. ] n : x ... x Q n+-+j n ~n+2 (5 2) 

Thus 

[. : .] 2 : g n x g n ^ g n+n (5 3) 

[•,-,•]: J1 X tf* X J3 — > gJ'i+ia+is-l (5.4) 

[•,-,-]:0 1 X0°X0°^0° (5.5) 

etc. 
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5.2 sh Lie algebra action by derivations 

Let A be a differential graded commutative i?-algebra. Given an sh Lie algebra (0, o*r. .])> we 
define an sh-action of (g, dt. r ]) on A by derivations to be a Lie algebra twisting cochain 

t: (S c [sg],d° + d[. r] ) — > Der(A|i?). (5.6) 

Let i: S c [sg] — )■ Der(A|ii) and i': S c [sg'] — s> Der(A'|i?) be two sh actions by derivations 
and ip: A — > A' a morphism of differential graded algebras. 

Definition 5.1. Given a morphism 

$: (S c [ Sfl ],d° + S [ . i . ] )— ^(S^.^ + S;.,.]) 

of differential graded coalgebras, the pair 

(92, $) : (A, fl, 0[ . , . ] , t) — ► (A, g', 3f . 5 . , , (5.7) 

is a morphism of sh actions by derivations when the adjoints t* : S c [sg] <g> A — > A and 
(t'y : S°[sg'] ® A' — > A' of t and i', respectively, make the diagram 



S c [sg]®A — ^ A 



S c [sg'] ® A' A' 



(5.8) 



commutative. 



For reasons of variance, a general morphism of sh actions does not induce a morphism 
between the associated Maurer-Cartan algebras, see Remark (15.4p below. In ordinary Lie 
algebra cohomology theory, one takes care of the variance problem by means of comorphisms. 
To extend the comorphism concept to the present situation, define 

t b : S c [sg] — > Der(A,A) (5.9) 

by i (a;) = 99 o (t(x)), x G S[sg] and 

V? b : Der(A'l-R) — ► Der(A, A) (5.10) 

by y> (<5) = 5 o yj. 

Definition 5.2. Given a morphism 

$ : (S c fart , d° + d{ . _ . j ) — ► (S c [ S g] , d° + 0[ . , . j ) 
of differential graded coalgebras, the pair 

( A', g',a[. — ► (A, g, 0|. , t) (5.11) 

is a comorphism of sh actions by derivations when the diagram 



S C [ S0 '] -5-)- S c [sg] 



Der(A| J R) — Der(A,A) 



(5.12) 



is commutative. 
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Notice that, between the two definitions (|5.ip and (|5.2p . there is a difference of vari- 
ance. Notice also when g and g' are ordinary Lie algebras and t and t' come from ordinary 
Lie algebra actions by derivations, in terms of the bracket notation [■,■]: g X A — )• A and 
[•,•]: g' x A' —7- A' for these actions, the commutativity of (|5,12p comes down to the familiar 
identity 

tp[$(x),a] = [x,<p(a)], x G g', a G A. (5.13) 

This identity says that ip is a morphism of g'-modules when g' acts on A through <I>: g' — > g. 
The following proposition generalizes a classical observation in ordinary Lie algebra cohomol- 
ogy theory. 

Proposition 5.3. A comorphism <J>) : (A', £}',£?? .pi') — >■ g, <9[ . : .], t) of sh actions by 
derivations induces a morphism 

{if, , : (Hom(S c [sq\ ,A),T> + d^''^ +d l ) — > (Hom(S c [sq'] ,A'),T> + (d^'^y + d t ') (5.14) 

of differential graded R-algebras. 

Remark 5.4. A comorphism (<£>,<&): (A',g', &, i,t') — > (A, g,d[. r j,t) of sh actions by deriva- 
tions having A = A' and ip = Id is simply a morphism 

(id, cD): (Ag',^.,,0 ^(As,d[. ,.],*) 

of sh actions by derivations. However, for reasons of variance, a general morphism of sh 
actions by derivations cannot induce a morphism of the kind f|5. 14|) . 

An sh Lie algebra action may be written in terms of bracket operations in the following 
manner; again we do not need these brackets but spell them out for the benefit of the reader. 
Let t be an sh-action of the kind (|5.6p of ($J,<9r.i) on A by derivations. For n > 1, consider 
the composite 

®n ( S0 )®n _fJ^ S c [sfl] Der(A\R), (5-15) 

and write its adjoint as an A- valued operation 

{•,..., • | • } : g 8 " 1 ® A — ► A (5.16) 

having n arguments from g and one argument from A. Given homogeneous x±,. . . ,x n G g, 
the operation 

{iCi, . . . , x n \ ■ } : A > A 
is a homogeneous derivation of A of degree + . . . + \x n \ + n — 1. 

5.3 sh Lie-Rinehart structure 

In terms of the formalism so far developed, in the spirit of }Kje01| (Def. 4.9 p. 157), we will 
now propose a definition of an sh Lie-Rinehart algebra. 

Let A be a differential graded commutative i?-algebra and (L,9[. .]) an sh Lie algebra 
over R. In view of the isomorphism (|3.2p . we will henceforth identify S c [sL] with S[sL], 
endowed with the graded shuffle diagonal. Let t: S[sL] — > Dev(A\R) be an sh-action of L 
on A by derivations, and suppose that L carries a differential graded A-module structure. 
Take t = t± + ^2 + • • ■ to be a filtered Lie algebra twisting cochain in the obvious manner, 
that is, let tj (J > 1) be the component of t defined on the jth graded symmetric power 
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S 3 '[sL] of the suspension sL of L. Likewise take <9[.,.] = .1 + d? i + ... to be a filtered 

coalgebra perturbation in the obvious way, that is, for j > 1, let _j denote the coderivation 
determined by the constituent 

d { . r] : S j+1 [sL] ^sL 

of 9[ . i . ] . Endow the suspension sL of L with the induced differential graded ^4-module 
structure. 

Definition 5.5. The data (A, L, 5r.i,f) constitute an s/i Lie-Rinehart algebra when t is 
graded ^4-multilinear and the data satisfy the axiom (|5,17p below (for j > 1): 

c?/ | (ai, . . . , aj, actj + i) = tj(ai, . . . , aj){a)otj + \ 

' n , , ,m , • (5-17) 

+ (_l)(|ai|+...+|ajl+l)H a5 3^ ] ( Qlj ... jQi)ai+1 ) 

where aj, . . . ,aj,aj+i are homogeneous members of sL and a is a homogeneous member of 
A. 

Remark 5.6. For j > 1, the condition (|5.17p measures the deviation of , from being graded 
A- multilinear. 

Remark 5.7. In |Kje01| (Def. 4.9 p. 157), the terminology is 'sh Lie-Rinehart pair'. An 'sh 
Lie-Rinehart pair' is there defined via suitable brackets. In terms of the brackets (15. ip and 
(I5.16|) . the A-multilinearity of t is equivalent to 

{ax 1 ,...,x n \b} = {-l) lal a{x 1 ,...,x n \b}, n > 1, (5.18) 

and (|5.17p is equivalent to 

\x\ , . . . , x n , ox n +i] — {^i , • • • , x n \ a\x n -\-\ 

+ (_l)(l- 1 |+---+KI+n+l)|a| a[:Clj __ )Xn)Xri+l]j ( - KH) ' 

for n > 1, where x\, . . . ,x n , x n +% are homogeneous members of L and a, b homogeneous 
members of A. 

Remark 5.8. For n = 1, the yl-multilinearity of t or, equivalently, the condition (|5.18p . and 
the axiom (|5,17p or, equivalently, (|5.19p . come down to (|2.2[) and (|2.3p . respectively, adjusted 
to the graded situation. 

Remark 5.9. Write the differential on A as a unary bracket { • }: A — > A and that on L as 
a unary bracket [ • ] : L — > L. In terms of this notation, (|5.19p extends to the identity 

[ax] = {a}x + (-l) |a| a[x] (5.20) 

involving the unary brackets. The identity (|5.20p precisely says that L is a differential graded 
A-module. A unitary bracket of the kind [ ■ ] : L — > L encapsulating a differential occurs, 
e.g., in |Vor05| . 

Let (A,L,d[. r ],t) and (A',L',d'^ .pi') be two sh Lie-Rinehart algebras. Given a mor- 
phism ip: A — > A 1 of differential graded algebras, we view (S^/[sL'], dP) as a differential graded 
^4-module via (p in the obvious manner. 
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Definition 5.10. A morphism 

(p,*): (A,L,d { . r] ,t) — > {A\L',d{.^ v t') (5.21) 

of sh actions is a morphism of sh Lie-Rinehart algebras when $ passes to a morphism 
$: (SA[sL],d°) — > (Sa'[sL'], d°) of differential graded ^4-modules (where the notation $ is 
abused) . 

This extends the notion of an ordinary morphism of Lie-Rinehart algebras, cf. [Hue90| . 

5.4 Multi derivation Maurer-Cartan characterization of an sh Lie-Rinehart 
structure 

Let (L,d°) be a chain complex, let C = S c [sL] and write the induced coalgebra differential 
on S c [sL] as dP. Using the canonical isomorphism S[sL] — > S c [sL] of differential graded 
cocommutative coalgebras, cf. (|3.2p . we interpret 

Hom(C7, A) = Hom(S c [sL] ,A) (5.22) 

as the algebra Sym(sL, A) of ^4-valued i?-multilinear graded symmetric functions on sL. 

We apply the results in the previous section, with V = sL. We maintain the notation 
(144>(|PD . 



Theorem 5.11. Let (A, L, $[.,.], t) be an sh Lie-Rinehart algebra. For j > 1, the derivation 
T>j of Hom(S [sL], A) passes to a derivation of Sym A (sL, A) = Hom^(S^[siv], A), and the 
resulting data of the kind (|4.17|) , viz. 

(Sym A (si:,A),X» ,P 1 ,P 2 ,...), (5.23) 

constitute a multi derivation Maurer-Cartan algebra. 

Proof. Let j > 1. Consider the operator T>j = t?j ' ' + on Hom(S [sL], A). By construction 

Vj = a*i : A -> Rom(S j [sL] , A) (5.24) 
Vj = d\ r] + : Hom(sL, A) -> Rom(S j +1 [sL], A). (5.25) 

Let it, a G A and «i, . . . , ay S sL be homogeneous. Since t« is A- multilinear, 

d tj u(aai, . . . , ay) = [tj,u](aai, . . . , «j) 

= (_1)I«I(I«I+Iail+-+Iail)i i ( aaij . . . , aj ){u) 

= (_l)M|a|(_l)M(l«d+-+l^l)(_l)l«l a ^.( ai) . . . ; aj )(u) 

= (_l)(H+i)H a [ ti> „]( ai ,..., aj ) 
= (-^(M+iJWa^wJfai,...,^). 

Likewise, let a £ j4, 99 £ Hom(sL, A) and ai, . . . , ay, ay+i € sL be homogeneous. We claim 
first that 

(5.26) 

+ (_l)(K|+...+K-| + l+M)|a|^-,-]^ (ai) ___ )ai)a . +i) _ 
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Indeed, by (|5.17|) . viz. 

df. ,.]( a i>- ■ ■ , a n,aa j+ i) = tj(ai, . . . ,aj)(a)a j+ i 

+ (-l)^l + "- + ^l +1 5l°laflf. j . ] (a 1 ,...,a i ,a i+ i) 
d [ j'' ] ip(ai,.. .,aj,aa j+ i) = (-1)M + V(^'. • • • > a i> OQ; i+i)) 

= (- 1 ) l¥,|+ V(*i("l, • • -,oij)(a)a j+ x) 

+ ( _ 1 )(|a 1 |+...+|a J |+l)[a|+[»,H-l y , (a5 j ^ , a ., aj+1 )) 
= ( _ 1)(| a 1 | + ... + |a,|-l+a)|c,| + M + l t . (ai) ^ Q .)( a)y3 ( a 

+ (_ 1) (|«i|+-.+|a i |+l+| V |)|a|+| V |+l 0¥?(S j ^ ](ai) , aj}a . +1 )) 

= (-l)C^I+-+l«il+°)l*'l+ 1 t j (ai ) • • • , aj )(a)^(a J+1 ) 
+ (-l)(l«il+---+l«il+ 1 +W)Wo5} , '" ] ¥ ?(ai,... ) a ij a i+ i) 

whence (|5.26|) . 
Next we claim 

/, , , m 5-27 

+ ■ ■ ■ , aj)(a)^(a i+ i). 

Indeed, for j = 1 

[ti, ^](ai,aa 2 ) = [-,-] ° (*i ® ^)(«i (8) (aa 2 ) + (-l) |ai|{|a|+|Q2|) (aa 2 ) ® ai) 

= (-l)(l°il-i+M)l«l [ tlj¥ ,]( aija2 ) + (-l)M(l^l+l«l)t 1 ( ai )(a)^(Q 2 ). 

The same kind of reasoning shows that, for general j > 1, 

[tj, <p]( ai , • • • , a jt aa j+1 ) = (-l)(l«il+-+l«il- 1 +l^)l«l a [t i) <p]( ai ,. . . , aj ,a j+ i) 

whence (|5.27p . 

Combining (I5.26j) and (I5.27j) . since the summands involving tj{a\, . . . , aj)(a)y>(aj+i) can- 
cel out, we find 

Vj((p)(ai,. . .,aj,aatj+i) = dy'\cp)(a 1 ,. . .,dj,aa j+1 ) + d^((p)(a 1} . . . , ay, aa,+i) 

= (_l)(KI+---+fe|+M+l)|a| a9 [-r]^ (ai) ___ )a . )a . +l) 

+ (-l)(l^l+-+l^l+l^l+ 1 )l«la[i i , ^](ai, . . . , ay, a j+1 ) 
= (-l)(l^l+---+KI+M+i)WaX» i (^)(a 1 ,...,a i) a i+1 ) 

as asserted. □ 

Under the circumstances of Theorem 15.114 we refer to the multi derivation chain algebra 
()5.23j) as the multi derivation Maurer-Cartan algebra associated to the sh-Lie-Rinehart algebra 
(A,L,d { . r] ,t). 
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Remark 5.12. By construction, relative to the filtration degree and the complementary de- 
gree, the multi derivation Maurer-Cartan algebra associated to an sh-Lie-Rinehart algebra is 
actually a bigraded multi derivation Maurer-Cartan algebra, cf. Remarks 14.11 and 14.61 above. 

The multi derivation Maurer-Cartan algebra associated to an sh Lie-Rinehart algebra is 
natural in a sense we now explain. 

Definition 5.13. A comorphism 

(A',L',d{. r] ,t r ) — ► (A,L,d { . t . } ,t) 

of sh actions is a comorphism of Lie-Rinehart algebras when <3?: S[sL'] — > S[sL] passes to a 
morphism : S A ' [ s L'] — > A' 0a Sa [sL] of differential graded A'-modules making the diagram 

&:S A >[8L'] — A' (8) A Sa[sL] 

t>\ t >\ (5.28) 

Dec(A'\R) — Der(i4,i4') 

commutative. 

Proposition 15.31 now extends to the following. 

Proposition 5.14. .A comorphism (y?, $): (^4',L',9' .pi') — ► of sh Lie-Rine- 

hart algebras induces a morphism 

(¥>*,$*): (Sym^sL,^),^,^,^,...) — ► (Sym A ,( S L', A'), X> , ^2 + • • •) (5-29) 

between the associated multi derivation Maurer-Cartan algebras. 

We note that, by construction, 

Sym A (sL, A) — ► Sym A ,(sL', A') 

is the composite of 

V?*: Hom^(SA[sX],A) — ► Hom A /(A / ® A S A [sL],A') 

with 

: Horn A , (A' ® A S A [sL],^') — ► Hom j4 /(S A /[sL'],yl')- 

Proposition 15.141 says that this composite is compatible with the multi derivation Maurer- 
Cartan algebra structures. 

The comorphism concept for sh Lie-Rinehart algebras generalizes that for ordinary Lie- 
Rinehart algebras, cf. [HM93], where this is explained for Lie algebroids. As already noted 
in Remark 15.41 for reasons of variance, a morphism 

(¥>,*): (A,L,d[. r] ,t) — > {A\L',d{. . v t>) 

of sh Lie-Rinehart algebras, as defined in Subsection 15.31 above, does not induce a morphism 
between the associated multi derivation Maurer-Cartan algebras in an obvious manner except 
when A = A' and ip is the identity — in this case the notions of morphism and comorphism 
coincide — , not even for the special case of a morphism of ordinary Lie-Rinehart algebras 
(except when A = A' and tp is the identity). 
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Theorem 5.15. Let Abe a differential graded commutative algebra and L a differential graded 
A-module having the property that the canonical A-module morphism from L to its double A- 
dual is infective. Let $r t> .i be a filtered degree — 1 filtration lowering coderivation on S[sL] and 
t a filtered degree — 1 morphism of the kind (|5.6p . and let T>q denote the algebra differential 
on Sym^s-L, ^4) induced from the differentials on L and A. Then (A, L, dt. .i,t) is an sh 
Lie-Rinehart algebra if and only if (Sym A (sL, A), Vq, T>\, T>2, ■ ■ ■) is a multi derivation chain 
algebra, necessarily the multi derivation Maurer-Cartan algebra associated to (A,L,dt. ; .],t). 

Proof. Theorem 15.111 savs that the condition is necessary. Thus suppose that 

(Syra A {sL,A),V 0: V u V 2 ,...) 

is a multi derivation chain algebra. Theorem 14.71 implies that (S[sL], $[.,.]) is a differen- 
tial graded cocommutative coalgebra, that is, that (L, c?r. ( .i) is an sh Lie algebra, and that 
t: S[sL] — > T)ei(A\R) is a Lie algebra twisting cochain. Thus it remains to show that t is 
A- multilinear and satisfies the axiom (|5,17p . Formally exactly the same reasoning as that in 
the proof of Corollary 12.61 above establishes these claims. 

Reading backwards the reasoning in the proof of Theorem 15.111 yields the details: Indeed, 
let j > 1. Let u, a G A and ax, ■ ■ ■ , ay G sL be homogeneous. Since dj (u) = and since 
d l i u = [tj , u] , the hypothesis implies that 

tjiaax, . . .,aj){u) = (-l)^ +lail+ - + ^ m [t j ,u](aa 1 , . . . , aj ) 

= (_l)(l«l+|a l |+.«+l«jl)l«l(_l)|a|(l«|-l) [t i>u ]( ai> ... >aj ) 

= (-l)^atj(ax, ■ ■ ■ ,ctj){u) 

whence, since u is arbitrary, tj is ^-multilinear. 

Likewise, let a G A, (p G Hom(sL, A) and ax, ■ ■ ■ , otj, ay+i G sL be homogeneous. We 
already know that (|5.27|) holds, viz. 

• • ,oy,aa i+1 ) = (-I)(l«l+-+I tt il- 1 +M)l°la5 t i(y,)(ai,. . . ,a 3 ,a j+l ) 
+ (-l) (|Ql|+ - +l ^ l+a)l ^^(ai, . . . , aj)(aMa j+ x). 

Since the operator Vj passes to Sym A (sL, A), we conclude that (|5.26p holds, viz. 

• • • , ay.aaj+l) = (-l)^+---+\^+ a ^ + H j (ax, ■ ■ • , aj)(a)<p(a j+1 ) 

+ (-l)(l a il+---+l^l+ 1 +IH)kl a ^'.-]^( ai) ... )ai)ai+1 ). 

Moreover, 

<9 [ '''V(«i, • • • ,aj,aaj+i) = (-l) M+1 cp(d[. • • . , ay, aay+i)). (5.30) 

Consequently 

</'( 5 [. i .]( Q! i>-- • ,ay,aay+i)) = ¥>(ij(ai, . . . , ay)(a)ay+i) 

+ (-l)(l« 1 |+---+l^l+i)N^(a^ ) . ] (a 1) ... ) a i ,a i+1 )). ^ 

Since c/? is arbitrary, the hypothesis implies that the identity (|5.17|) holds. □ 
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Theorems 14.71 and 14.111 imply the following: 



Theorem 5.16. Let A be a differential graded commutative algebra and L a differential 
graded A-module having the property that the canonical A-module morphism from L to its 
double A-dual is an isomorphism, and let Dq denote the algebra differential on Sym A (sL, A) 
induced from the differentials on L and A. Sh Lie-Rinehart structures on (A,L) extending 
the differentials on A and L and multi derivation chain algebra structures on Sym A (sL, A) 
extending the algebra differential T>q are equivalent notions. The equivalence between the two 
notions is that spelled out explicitly in Theorem \5.15[ 

Remark 5.17. Theorem 15.151 says that, given the data (A, L, c?r..j,i), under the hypothesis 
spelled out there, these data constitute an sh Lie-Rinehart algebra if and only if they induce a 
multi derivation chain algebra structure on Sym j4 (sL, A). On the other hand, Theorem 15.161 
says that, under the stronger hypothesis of this theorem, every multi derivation chain algebra 
structure on Sym^(sL, A) of the kind under discussion arises from a unique sh Lie-Rinehart 
algebra structure on (A,L). 

5.5 Quasi Lie-Rinehart algebras 

Let A be a differential graded commutative algebra concentrated in degrees < and, as before, 
we then write A J = A-j so that A 3 = for j < 0. Furthermore, let Q be a differential graded 
.A-module whose underlying graded A-module is an induced module of the kind Q = A <8>a Q 
where A = A and where Q is concentrated in degree zero. Suppose that the canonical 
^4-module morphism from Q to its double A-dual is an isomorphism. 

In [ Hue05] we introduced quasi Lie-Rinehart algebras. We recall that a quasi-Lie-Rinehart 
algebra structure on (A., Q) involves the following three items: 

— a graded skew-symmetric i?-bilinear pairing of degree zero 

[■, -]q: Q®rQ^ 2, (5.32) 

— an i?-bilinear pairing of degree zero 

(-,-):Q<S>rA->A, (£,a)>->Z(a), £€Q, aeA, (5.33) 

such that, given £ £ Q, the operation (£, • ) is a homogeneous i?-linear derivation of A of 
degree 

— an A-trilinear operation of degree —1 (beware: in upper degrees) 

(v;-}<2 : Q®aQ®aA^ A (5.34) 

which is graded skew-symmetric in the first two variables (i. e. in the Q- variables), such that, 
given £,9 £ Q, the operation (£, 6; ■ ) is a homogeneous A-linear derivation of A of degree —1. 
These pieces of structure are subject to a number of constraints, see |Hue05] for details. We do 
not spell out these constraints here; instead we will now explain directly the Maurer-Cartan 
algebra characterization of the structure. This will illustrate the technology developed in the 
present paper. The sign of the Lie-Rinehart operator (generalized CCE operator) in |Hue05] 
is the negative of the sign of the Lie-Rinehart operator in the present paper. 
We note first that 

Sym A (sQ,A) = Rom A (S[sQ],A) Mt A (Q, A). (5.35) 
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Now, let S[sQ] — > S[sQ] denote the coderivation induced by (|5.32p and, likewise, 

ti '■ S 1 [sQ] = sQ — > Der(„4|i?) the degree —1 morphism of -R-modules given by the com- 
posite of the desuspension with the adjoint of f)5.33|) . As before, let d[ ' ^ and d fl denote 
the derivations on Hom(S [sQ], A) induced by 8} , and t\, respectively, cf. (|4.4|) and (|3.24p . 
The compatibility conditions among the pieces of structure (|5.32p and ()5.33f) (not spelled out 
here) imply that the sum T>\ = d\ ' ' + d fl passes to a derivation D\ on Alt a(Q, A), formally 
a CCE operator with respect to (|5.32p and (|5,33p . Indeed, given £1, . . . , £ P +i G Q- 

p+1 

(-1)1/1(2^/)^, . . . , = \y %(m, ...§..., M) 

+ Hkh, 6, • • • S • • • f* • • • , fp+O; 

i<j<fc<p+i 

here the notation [• , -]q refers to the restriction to the degree zero constituent Q (of Q) of 
the bracket (pT32l on Q. Next, given / G Alt^(Q,^) = Hom A (A^ [sQ], A q ), define the value 
^2(/)(6,---,e p+2 )by 

(-l) l/ l(2V)(£i,...,&+2) = 

i<i<fc<p+2 
where £i,...,£ p+2 G Q- 

Remark 5.18. The expression in [Hue05] (4.8.2) that corresponds to (I5.36P above involves 
the additional sign factor ( — l) p . This sign factor has its origin in the relationship with Lie- 
Rinehart triples, cf. [Hue05j (4.11) and (4.12). More precisely, in terms of the notation in 
|Hue05j . given x x , . . .,x q -i G H, a G Alt q (H, A) = A q , in [Hue05| (4.11.7), the value of the 
pairing (15.34j) is defined by 

{Lmoi)Q(xi,...,x q -i) = a(5(£,rj),xi,... ,x q -i); 

however, when we define that value by 

{&W a )Q( x i>---> x q-i) = {- 1 ) M a(6^,7]),x 1 ,...,x q ^ 1 ), (5.37) 

the factor (— l) p in |Hue05| (4.8.2) disappears. 

Let T>o denote the algebra differential on Alt a(Q, A) induced from the differentials on 
A and Q. By [Hue05j (Theorem 4.10), IjOSjl . ([fQ3jl . and (IQijl turn (A, Q) into a quasi 
Lie-Rinehart algebra if and only if (Alt a(Q, A), T>q, T>\, T>%) is a multi algebra, and any quasi 
Lie-Rinehart algebra structure arises in this manner. In view of ()5.35|) . Theorem 15.161 shows 
that the multi algebra (Alt a(Q-, A),T>q, T>x,T>2), in turn, characterizes a special kind of sh Lie- 
Rinehart structure on (A, Q) ■ Hence a quasi Lie-Rinehart structure on (A, Q) is equivalent 
to a special kind of sh Lie-Rinehart structure. 

Let (A, Q, [ ■ , ■ ]q, ( ■ , •),(•,•;•}) be a quasi Lie-Rinehart algebra. With hindsight, it is 
now interesting to spell out the corresponding sh Lie-Rinehart structure on (A, Q) arising 
from the quasi Lie-Rinehart algebra structure. This is straightforward: The bracket (|5.32p 
is already defined and, as before, we define t\: S 1 [sQ] = sQ — > Der(^4|i?) to be the degree 



31 



— 1 morphism of i?-modules given by the composite of the desuspension with the adjoint of 
(|5.33p . Now, noting that a general sh Lie algebra structure on Q is given by a system of 
brackets of the kind 

[•,...,•]„: Q jl x ... x Qi" — > QJi+-+in-n+2 j n > 2, j u . . . ,j n > 0, 

we see that the 3-variable bracket we are looking for must be of the kind 

in particular, the constituent of [ • , • , • ] on the degree zero component QxQxQ of Qx Qx Q 
is necessarily zero. Define the operation 

[■,-,■]: Q®Q®Q^ Q (5.38) 

by setting 

[xi,x 2 ,ax 3 ] 3 = (x 1 ,x 2 ;a) Q x 3 , x 1 ,x 2 ,x 3 e Q, a £ A. (5.39) 
Write the operations ( ■ , ■ ) and (•, ■ ; -)q as 

{•I-}: Q®A^A 
{■,■]■}■■ Q®aQ®aA-> A, 

respectively and, using (|5.18p . extend { • , • | • } to an operation 

{-, - I"}: Q®aQ®aA-> A. (5.40) 

Thereafter, extend (|5.38p to 

[•,-,•]: Q®rQ®rQ^ Q (5.41) 

in such a way that (|5.18|) holds, i. e., given homogeneous x\,x 2 ,x 3 € Q and a € A, 

[ Xl ,x 2 , ax 3 } 3 = {si, x 2 \a}x 3 + (-lj^l+^l+^l^o^i, x 2 , x 3 ] 3 . (5.42) 

Then (^4, Q, [ • , • ]q, [ ■ , • , • ], { • | • }, { • , • | • }) is the sh Lie-Rinehart algebra we are looking 
for. 

It is also interesting to spell out explicitly how the 3-variable bracket controls the failure 
of the 2-variable bracket to satisfy the Jacobi identity: By construction, the control of the 
failure of the 2-variable bracket to satisfy the Jacobi identity is encapsulated in the identity 
CT , viz. 

d°df. r] +df. r] d° = 0. (5.43) 

Given £,77, 1? S Q, for degree reasons, [£,?7,$] is zero, as noted already, and (15.43P entails 

vhAQ = ± ([doe, V, &]a + K> 0] 3 + »7, do^s) • 

(^,r;,i?) cyclic 

In the Lie-Rinehart triple case (a concept not explained here), this identity is equivalent 
to [ Hue05| (1.9.6). See also [Mue05| (2.8.5(v)) and the proof of Theorem 4.10 in [Mue05| . 
expecially item (v) in this proof. 

In [Hue05| we have shown that a foliation determines a Lie-Rinehart triple and that a 
Lie-Rinehart triple determines a quasi Lie-Rinehart algebra. This quasi Lie-Rinehart algebra 
encapsulates the higher homotopies behind the foliation. In particular, it has the spectral 
sequence of the foliation as an invariant of the structure. 
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